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Al)stract

I’c, t,io, Via IJassi  G - 27100  ]’ct,i[t  - ]la/IJ.

l)o])])lcr  trackil)g  of  zrlI intcr])lallctary  s])acccraft.  ])rovidcs aI[ ulliquc o])l)orlu-
nit,y to search for low frcqumlcy  gf avitatiollal  waves. IIi tliis palm, we dcscribc  ill
detail lIOW IJol)l,lcr cx])cri]]lcnts cafl Iw u s e d  tcI set a] I u])],cr  li]ni( on a stochast-
ic gravitationzi]  bacligrou]]d, isc)tro])ically dist]il)u(cd.  Afkr reviewing tllc l)asic
equations it]volvd in this technique, wc analyw,  ill a crilical  way, tllrcc Incthods
of  data  a]lalysis,  bawd  olI diflcrcl, t assull]],tio]ls al)ou( LIIC  I,l,ysical  ])ro])crtics  of
tlIc sig])al.

1 lnimductlion

IIcsidcs tlic most studied sources of gravitational radiatio]l, usually classified ill l)urst

sources  (e.g. suIJcr]lovac)  alId contj IIuous sources (c. p;. hillar;c! s), One call  Cq)lore illc

])ossibility that tllc u]]ive]sc  is  filled I\’itll a gravitatio])al  l)ac.kgroulld.  V a r i o u s  ])os-

sjl)lc  hacliground  s o u r c e s  IIal’c ljccn  su~gcstd, ]an~i]]g  fro]])  a  lando]n  su])erposjtio])

of  })cvioclic  s ignals  from  I)inary Systcnls, (0 qua]ltu]~~  fluctuatio])s o f  tile ])ri]nordia]

universe .  Of  s])cc.ial i]ltcwst, collsidc’ring  tllc rcc.c]it  (;0111+} results, arc tllc relic ~ravi-

tationa] waves  (GW) ])roduccd  duri]lg i]tflatio]l. IIolircl’cr,  i]lde])cndent]y of its orig;in,

tl]c ])ri]lci])al  cl]aracte]”istic of this si~;]lal  is its co]ltilluolls  a]ld stoc]lastic nature. III fact,

fJo]J)  tl]c ol~scrl’atjo]lal  ])oi]lt of  view,  Illc  distinctio]l l)clltrct]i  ])ri]llordial  and gcnmatd

l)acl{~;rou]ld  is irrelevant: wc CaII oII]y  dctcrllline IIIC l’aluw  of pg (energy density of tllc
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l)aCligl’OUl)(l)  and w (its c h a r a c t e r i s t i c  frcquc’llcy)  f(~l’ tvllicll tllc bd~l;~l’ollll(l  1)(’colllcs

ol)sc~rval)lc,  wit]l  an expcrinlcllt,  I)ascd on tlIc  l)ol)])lcr  tracl; i]lg o f  all illt[’l])l:illct:~l~’

s]jacecraft.

III tllc:sc cx})crilnellts, tllc l’kItlI  and  tlIe  s])acccrafl arc used  a s  f r e e  Cncl-])oints

of a low frequency (;W detector. A  radio ]illk is  tl’allsl[litted froln  t]Ic ]I;a J’t]I to t]]c

sJ~acwraft,  col IcrcIItly  tralls})c)ndd and  scllt IIack t o  tltc l’;altll, }V])(,lc  its fl’equ(wcy

is Incasurcd wit])  great accuracy. Ccm]]aring;  tllc cl)tit Id and Mxx2ivcd  fmqucmcy,  onc

call  dctcrJnillc the ])olJp]cr  s]lift  Av/vO  (WI)CM  vu is t])c IIoll]illa] frcqucllc,y  and Av

jts variatkm) as a function of tjlne. ‘J’his l)OI)IJICI sllifl  js ]Ilainly  due to LIIC orl)ital

n~otio Jl, a~ld, scc.ollrlarily,  to a ratllcr long smies  of noises. I II addit ion,  as  slIowlI  by

l’;stal.)lc~ol<a  lld14Talllc~llist  (1975 ),tllctllcorctical l)c)l]l)lclsc’{l~l ellccjs alsc JaflccLecl,Il’itll

a cl]aracterjstic tllrce-pu]so response, hy a gravitationa]  wavelmsih]y ]Jassillg  hy.

IH tllcfollolirillgscctioll, wc will sulnmarizc IIow a (J\47 Lacli:;roulld, assulnd tc) b e

isotro])ic, contIibutc  H3 to tllc lJOWCI s])cctrum of tllc IJc)])])le]  signal. in $3 wc will stucly

tlie c.orrcspollcling  alltc)colrclatic)ll  functic)ll gcvlcratd I)y sucl I a  I)ackgroulld. III $4 WC

will a]lalyzc tlIc consqucIIccs  ofthc  additional assu]l)])tio]l  that tl)c l)owcr  s])cctrum of

tllc GW amplitude is givc]i I)y a ])ow’er  law, focussi]l~  our attention to twoim])orta]lt

wlues of tllc s])cctra] slo])c. l’inally,  in ~5 we consider tlIrcK’ difl’crc]lt tccl]lliques for tile

data a]lalysis. ‘J’wo of tllcmc mcthc)c]s, p r e v i o u s l y  a])]) lid to real data, are rca]ialyzcd

i]j great dct, ail, wllilc  tlIc  third O]IC js )ICW, IIavillg  l)CCII u s e d  f o r  tllc f i rs t  tilllc j]l tllc

/l/{/sscs( J\ Lrcx])c]j]llcllt,  \\'l]ose]cs llltsa]cJc])o Jtc(l i]] l~cltotticta~. (199.4).

2 l’owcr Sj)mtrmm of the l>o])])lcr S i g n a l
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/( : C.c)s (1 .

WC assulnc that tllc gravitational field is obsclvcd for a ti]IIc qi , a]ld  wc iIIt Ioducc tlIc

]’ourier tIaIlsforlns

, ,1/2wlIcrc  p stands for -{ and X.  ‘JIIIC  fl norl}lalizatioll IIas l)CCII  iIItroduc.cd  since a

r i g o r o u s  dcfinitio]l of tlIc  l’ouricr sl)cctral dc]lsit~~ IIccds a co]ltilluous and i~[fi][itc (7\ - }

m) sa]n])lc,  which is obviously unrcac.llab]c  in a Ical  cx])elilncllt.

W C define the lncall squared am])litudc of tlIc  gravitational l)ackgIouIId  as

(2.4)



(2.5)

Sj]]cc tlIc GW mIqI;y dcIIsity  is also givcl] l)y tllc ISaacsoll  fol’lllula  (Isaacson  1 968)

tlIcuI  mIn])arillg  equations (2.5) and (2. [;) wc ol~taill

(2,7)

I’c)I  aII isotropic backgrou]ld,  tile wrales colIlc  floln all tlIc directions with, statistically,

tllc SaIIIr  am])litudc. ‘J’hmefore,  tlIc  total avcrap,c  ])OV’CI  is

(?.9)

(1 -1 K’
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‘J’lIe fullc.tic)]]  l{.(x)  lIas tlIc following asylnl)tc)tic  I)cllal’iou]

()o JR(x) = 1- ~ COS2’ - 1 for 2:>> 1 ,

and

NOW WC call def ine the Sl)cctral  l)owcl  of tlIc  l)opp]cr signal  as

ix,

(?)) =- : p SV(LJ) .
0

(2.11)

(2.]2)

(2,13)

lb]]] C!C~UatiOM  (2.7) ,  (2.9), and ( 2 . 1 3 )  ~~rc ],avc I,IIc fcdlowing  IclatioIls bctwcml tlic

basic s])cctral quaIItitics

(2.14)

3  Autocovariance  Function o f  the IIo])p]cr Signal

‘J’hc autocovariallce  function of tl}c (;\Y am])liiude is dcfil Id as

5
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-1 2//(1 - p) [If(f -1 l’”{ fp) -{ ~~(f  - f - f/’)l

2//(1 -1 p)[ll (t-i f- fp) - i  ~f(f  - ~-l fP)l . (3.2)

‘J’ltc average over  t)Ic  solid ang]c  gives tlIc’ thmlctical al]tc~cc)~:iliallcc  function L’(t)

2n -11

c(i) ~ /7, [w) J(1}1 CL(I).

b -1

(3 .3)

,

\

(3.4)

wllicll  for  1 =. () reads

(lf(()))~,  ~ ;(P) . (3.5)
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\\’llcl’e l(f) Cc)llles froln  tile tcl ’ i l ls ill quatio]l  (3.?) I{ritll //-(l (q)cll(lmlcc  01) tile al’e; lllll(!]lt

of 11:

41

- / / ( 1  - I  //)[(]l(t  -I  / - f//))d, -I  (l/(f f -I  tp))l)]} . (3.7)

WC ]nav  rewrite cquaiioli ( 3 . 7 ) ,  usiHg tlic s p e c t r a l  clc’collll)c]sitioll  givel) in equa-

timl (2.4), as

Wll(!rc’

1 (Wt

+1

-.
- . / {

(1/1 /1(1 -  p) Cos[wl?(l  -1 /{)] -  //(1 -1 //) Ccls[d( -  p)]}

(3.8)

-1. .
2 Cos 2CLJP 4 Si 11 ?(LJC

= -  & -  -  (;/)’
.+ - - - -

(d):’ “

03 C.J

1--J 1in (l&.) ,s}, (u) IL(d) C.os  ml = -
/

(lL.) #$’v(&)) Cos Wt .
7.

0 0
(3.9)



4 ‘]’]w S])cctrum  of the Gravit,at, io]]al l]ackgrou~ld

‘J’]Ic l)asic  ]) IWIIICIII  for dctectio]l cxl)(IIiII)c  Ilts is tlIc  ])rwx,lIcc  of IIoisc, \\rllicl] in tllc case of

i])tc]])lal)et:ily s])acwraft l)oI)IIlcI  t]acl(in:. do]ililiak tlIc  cxl)cctd gravitatio]lal  sipyal.

‘J’llercforc,  o u r  ai]n is to set  an up])cr  lilllit ON tlIc  total cmcIg,y  dcnsiiy assoc.iatcd  with

tlIc  GW lJackgIoul Id, or, cquilwlellt]j’,  to its CJI(IJgy 11 ux. ‘J’l]is lilnit will bc si:;]iific.ant,

frolll  a cosmolo~ical point  of view , if it will lW com])aral)lc to the criticaj value pc =

31f~/87T (where lfo is the prescIIIt value of  tl~e llul~l~lc J]aramctcr), cc)IIesl]oIlclillg;  to a

(])ScllclcJ-)cllc.liclca*l  Ul,ivcrse.

Scvcra]  t heo re t i ca l  cons t r a in t s  CaII I)C l)ut olI tllc densi ty  ])al’alnctcl’  flg : pQ/pC Of

tlIe background,  once a particular cos]no]ogical  model is CIIOSCII  (~arr 1980, u})datc:d

in (;iampiwi 1992). ‘J’lIe m o s t  strine;cnt OIIC, al, l e a s t  ill tlIc standard  lnocld, c.oIIIm

frc)ln  IIllclc!osylltllcsis  argulnmlts. in  f ac t ,  ill older  tOliCC]) tllc IIcliu]n ])rocluction  at all

acce})tablc value, 09  must  not  lJC IIigllcr  tliall tlIc elcctrolnaglictic  dens i t y  paramci,cw

Q ~,~L 5’ 10-4.  Since  this li]nit a])plics  oIIly to a IIrilnordial ( i .  e . , already ])rcsc IIi, at tlie

nuclcmsyntllcsis  cqloc.11) background, aII illl])ortallt target of current cx])erimcllts is the

gravitatiolia]  backg;rouncl  .gmleratcd  astro])]lysica]ly a f t e r  tllc lluc]cosy]~thcsis.

l“rom tllc~’x])crilllcl~tal  ])oint  ofvicw, on thcothcr side, ialicjllsll])])cllilllit tc)S’fl(tiJ)

]Iavc bccw cstab]is]ld;  t]lc ll~mt  strillg,cllt ]ilnits arc tlIcmI, at m x 10-s  IIz, frc)lll  t]lc

irregulari t ies  in the l)criod  of fast ])ulsars.. IIowever, ill tile IIIIIZ  l)alld  t h e  I)o])])IcI

Incthml is tl]c o])ly one  ava i l ab le  ai tllc })JescIIt  tilne.

It can be show]l  that, in order of nlagjlitudc , a ?;ravitatiollal backgrou IId of clilncm-

siolllcss  aml)]itudc  /L  and c h a r a c t e r i s t i c  (~ IrcwIIt)  ljeriod 1’ co]rm])onds  to a dc’nsity

])aramctcr

(4.1)

for}l : 10-”] 3tllis~ivc:s  ll]lityfc)] I’V 30,000  SCC. ‘J’llis Cstilllatc!  cllcc)lllagcslls to])rch

cd with alllc)lca( :clll:itc:all alysis, t;iliillg illt  O:i(’CC)llllt  :llsc)tll(’  ])ossil)ili tyc)fcx])lc)itili~

tlIc  ])cculial” IIal,urcof  tl}e signal.



l;veII  if several sta]ldard  relativistic cos]nolop,ies, as la Igely  discussed ill tllc litcra-

tuIc (see,  e .g. ,  Matzllcr J96S,  ‘J’lIoIIIc  19S7, (~lisllcllul{ 198 S), jllcludc an isotro])ic (;W

ljacligrou]ld, Vcrky little call  be said  about i t s  s])cctra]  distril~utioIl, due to c)ur iIIcolm

})lct,c kIIowldgc of t,llc plilnordia] lJllivcrsc. lIIdml, tlIe  cxlwlilncntal  analysis o f  tllc

])llysical  c o n d i t i o n s  ]>rescllt  in the vcly early Ullivcrsc  is OIIC of tlIc  ]nain  task of tllc

llot,-yc’t-lmln  G1’atlil(ltilm[ll Ashrmolnj/.

A lcllIarkablccx cc] Jtiollto  tllisla tllcrglo olllystatcll]cllt c:il~bc: fo~lll{l illillflatiol~ary

c.oslno]ogies.  III f a c t ,  prcdic(ions  l)y thcw II)odds  aI(I v e r y  ]Jrecisc, in tmns o f  tllc

r e s u l t i n g  GW power s])ectrum (Starobi])sl; y 1979). IIowcvcr,  the co]]clusions  that cal  I

be drawII  f r o m  s e v e r a l  w o r k s  in this field indicate tlIat tllc s])cctral distriljution  is

stIoIIgly de])m]clcnt  on tltc i n f l a t i ona ry  ]ncclla]lis]ll  :Issumcd. 1’101” Cxamp]e,  for ])owcl’-

law inflat ion,  ,90 turns out to llavc. mow }~oweIc~n larger wavclc’]l?;tlls than for ])urdy

cx])o]lc]]tial  inflatio]]  (Sahni 1 990).

011 the other ha]ld, in order to dig into the ]toisc we have to assume a rcasonal)le  form

of tl]e ]lowcr  spectru]n and scare]] tlIc  cx])crimclltal data usi]lg  tlIc ty])ical  s t ru t . t u r c s

of tl]c f u n c t i o n  (in our case tlIc autocc)varia]lce  C(i))  tlIat wc u se  ill the s t a t i s t i c a l

aI]alvsis. WC will  assu]ne, for co]]lrc]lic]lcc,  that tlIcI eIIcrgy  dcl)sity sIJcctrum i s  gikwl.

by a ])owcr  law of arbitrary i]ldex,  i.e.

.9P(U) = 1; d“ . (4.2)

Obviously, equation (4.2) can ]Iot lIold in tl]c  Ivliolc frcque]lcy  range ((), m), sillcc  tile

rcsultil~g total energy would  h i]ifinitc. in otllcr JVOI(lS,  bmides cquatio]l (4.2), wc ]nust

also assume the cxistc]lce of a l)llysical  cut-of l’, i]) tllc lower or u])])m rcgio]] according

t o  tlIc sign of 1 + a, ill order of IIavi]lg  a fi]litc  cIIcrgy  dc]lsjty.  It ]Ilust  bc s a i d  t h a t

i]lflatio]la]y ]Ilodds are tlie oIIly c)IIcs ahlc to rclalc tllcsc cut-ofli  t o  ~)llysical cfl’ccts,

CIVCII  if tlIc lliglI f’rcqucncy  ]jart of the relic  graviton s])cctru  III is rather sensitive t,o tile

de t a i l s  o f  t,l Ic ])hasc  t r ans i t i on  (A IIcII  1988).  \\’c lvi]l IIot ]]~~i]{e  any ]Iyl)ot]lcsis  01~ tllc

])mition o f  t h e s e  cut-ofrs, a])alt froln  rcquirill~;  (lIal  c(jllatio]l  (4.2) lIolds  ~j’ithi]] o u r

ol)scrvational  window  (01 , LI?).
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If W’c! assulnc that

.$/,(LL)) : crest. <

tlIeII w’c are able to coInputc analytically L’(t).

fill[ll

:. (l,? (4.3)

IIy using; cquatic)]ls  (3,4) aIId ( 4 . 3 )  wc

(4.4)

wlIcrc  6(()) =- 1. ‘1’he evaluation of the first i,lIIcc tcIIns ill equation (3.6) is immediate,

while 1 (i) may lW explicitly calculated via equation (3.7) to give

~(~) ‘ y;b - i)(i -  /)0(2/ -  i). (4.5)

‘J’llcmfom,  tlIc alltoc.c)l’zlliallce  funct ion,  for IIoll-llcgativc (ilncs, reads

(4.6)

l’igurc 1 s h o w s  the autocordation  fullctioli, i . e .  L’(f) Ilorlnalizcd to the value at tlIc

Or; p;i?l . ‘J’llclnain kwturcoft his ful[ctjoll  i s  tll(!llcg;aiil’(’]~cak  ati = ?(, of alll])litudc

C(2c)/C(o)=  -  1/6, (4,7)

lv]lic]l is a, diyect COI)sqUc]Ice  of tlIc  s i nuso ida l  lnodulatioll  of S’v (S’ v M IL). MOl’COVCl’

~~(t) = O  fc)r 1 > 2/, wllilc  in tllc rallgc O < i < Yt lVC l]a~’con]y  tllc \vcak c.olltril)utioll

‘III dclivillg  Cquatic)li  (4 .4)  wc have  assu!ncd  (LJI, Q) - } (( I, u-1),  aIId ][o]]naliwd  (lie result accolcling
tocquatio,,  (3..5).
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frmn l(f), given  by equation ( 4 . 5 ) .

4 . 2  A  flat energy  spcdrum.

‘J’]lc c a l cu l a t i ons  p re sen t ed  i]~ $4, J arc l)ascd  OII tlIc  oIIly assu In J)tioII which al]oIvs a

s;ln])]c  anal.ytica] trcatlncnt of tllc alltc)c.o}’aliallc.e  fllliction. 11 owever, fImIl ])llysical

argummlts,  one is tcm])tcd to exclude tllc case c1 = 2, duc  to tlic stcc])  i n c r e a s e  of Sp

as U2. A more rcasoIlablc clloic.c could  l)c

within OUI cx]wrimcnta]  frequency range.  As SIIOWII  ill A])])  cndix  A, the time derivative

of L’(i)  is tllcm given  by

%?:={- 2H++- ~)(]- :)21 ‘0< ’<2’) (49)
o (w > 2/).

‘J’lIus, C(f) has a  flex ])oint,  at 1 = 4? and lJCC.OIIICS  collstamt  for  l ags  g rea t e r  tlIaII  tllc

I{’J’IfJ’. N’otc  tlIc discoIltinuity c)f i ts  clcrivativc at t = 2t ( s e e  figuw 2 ) .  g’]Ic c.o~lstarlt

value of (~(t) for  t > 2/ is diflcrcnt f r o m  zero , and has to l~c calculated numerically.

cllarac.tcristic of L’(t)  turns out to be very  ilnl)ortant  I\IIICII looliillg for tllc l)cst

analysis stlatcgy, as discussed ill tlIc  follow;ng  section.

l-~ata Analysis Strategies

l“llIlclaJllcl~tally,  in ])ast  ancl ])resclIt,  l)o])plcr scarcli f o r  a

fcrcnt lnct,lIods  IIavc been  Usd, all of tlICIII I)ascd 011 tlIC

functio]l. We wi l l  ana~yze  tlICIII ill clctail.

5.1 l“imt method.

‘J’llis lnetllod h a s  bccII  a})])lid  by AIldcrsoII  & MaslIIIooII  (1985) OH tl~c I’imccr 10

data, slid is csscnt,ia]ly  ljascd  OII t he  varia]lcc of tlIe  IJo])])lcr data, l’roIn  e q u a t i o n s



(2.14) al)d (3.9) W(! have’

I f  we l i m i t  our scarclt in tlic l o w  frcx]uellcy  lcgio]l  (LOt < <  1 ), tllcn we can usc tllc

a])])roxilnatc  c.xprcssion  (2.1 2) for 1{, ol)taillill?,

(5 .2)

()
2

flg~l XI O:’5 “  ‘y
/(.$( ’c) ‘

(5.3)

‘ J ’ b u s ,  this method ])rovides  an uI)I)m lilnit for fl,~ lvithout  ally  IIy])otllcsis  oll I$P, sillcc

what, wc get is alrwacly all il)tcgratcd  quan t i t y . 011 t]lC Ot]lCr  h~lld, i t  J) I’CSClltS  S0111(!

]Jractical problems. l’irst, sillcc  all sourc.cs of IIoisc contribute to C(0 ) ,  wc c a n  n o t

discriminate hctwccn thmn. Sccc)ndly,  it call l)c a])])licd o]ily in tllc l o w  frcc]ucllcy

rcgioll, thus requiring long ]jcriods of c)lml  Vations ,  aIId lvithout  any clue  rcgaIdi Ilg

IIow to cxtyapolaic  the obtai]ld csti]natc to tlIc u])])cr ])art c)f tllc s])cctIuIn.  Morccwcr,

unless OIIC IIas a considwal)]y lCJIIg  record of data, tlIc lIullll)cr  of cx])cri]nc]ltal ])oints

w h i t ] )  ol)c is  consider ing can Lc dangclous]y  slnal]  I“ro]n  a statistical ])oint  of  view.

1( ’ina]ly, we  mus t  a l so  rcmc]nl~cIr  that sc)lnctilncs  tlicI ?~rc-]~roccssing ])10ccdu7c  of tllc

real l)cq)I)lcr  d a t a ,  cx])laincd  in g;rcat  detail ill svvc Ial ])a])ws  ( s e e ,  c..g., Ilcrtott,i ct al.

1992?) ,  is, in a sense, cquiva]c]lt 10 a lli~ll-])ass  filter , i][)])lyillg a] I csti]natc (5.3) too

o])ti]nistic.



.

5 . 2 Sc!collcl  nlcijhod.

IIcllillgs and collaborators (Ildlings  1981, llcllillgs C( a~. 1981) ]I:ivc IJroI)oscd a sli.p;litly

]nore co]n])lcx  mctllod,  l)ascxl on tllc assu]n])tio]l  of a co]lsta]lt sI)cctru  IM of (//2).  ‘J’llcIx-

fore, in this scc.tion  we shall lnakc usc c)f tile calculations I)rcscntd  ill S4.1. III ]~articular,

tl~cy sup;gcst  looking for tllc ncp,ative  peak of tlic alltc)cclv:ili:illcc  function at tllc IUJ’IYI’,

which, from equations (4.6) and (4.7), alnoullk  tO

(5.4)

Since this Ijcak, if prcscmt,  is I)uriccl  into the Iloise,  tllcy assu]nc that tllc sensitivity is

dic.tatd by the  s t a t i s t i ca l  nc)ise, givm] I)y (Jcnkills c M’atts,  1968)

+U

(f(i) u ;:2 J dT (u -  171) [ C ; * ( T ) +  L ’ ( 7  -t /)~J’(T -  I)] 7“&>* ‘f:2, ( 5 . 5 )

-. u

where  u : g; – i. 1]) otlim words ,  onc  call cstill]ate tllc quant i ty  (/L2)  wit]) the sma l l e s t

amo]lg C(0) a.]ld 6 0-C(2L),  where CJC(2C)  is the standard  dc~~iatioll of tlIc  autoc.ormlation

f u n c t i o n  aroullcl  the lt’J’l  TJ’. licj)catil~g;  this ]IIocedurc  with dif~crcl~t sampling t i m e s

Al, colrcspondill.g to clifl’mcnt u])])cr frcqumlcics  (q = T/Ai), OHC IIas tl)e  possibil i ty

o f  lnakil]g a l i n e a r  f i t ,  sillc.c Ivc IIavc assulncd (1/2) w cq. ‘J’IIc slope of this linear

i?]tcr])olation I)rovidm  the (constant)  value  of ,S’} ,, and  t]lus, froln  cquatio]l ( 2 . 7 ) ,  t h e

value o f  Sfl, whic]i  call  be intcglatcd  over  IIIC fJcqucllcy  Ia]Igc  t o  gikrc tile cstimatd

u])])cJ ]ilnit of pg.

A l s o  this lnctllod rcquims so]nc  co]nlncnts. l’;veII if, ill ,gCl]cra], increasing tl)e san]-

]Jlillg time wc gd a lower  0C(2L),  wc are IIot g;uarantd,  a ])riori,  that  this  rdatiollslli])

bc linear, l’or cxamp]c, for  the  ]~articular set of l~c,~’ager 1 data analyzd by IIe]lings

e~ al. (1981),  OIIC finds (~/2) cx ln(tiZ/tiJ1 ) ,  inl])lyilig  ,$’), LX b.), whit.]1 contradicts the

]Iy])othcsis  (4 .3) .  Since  that lly])c)thcsis  l]as l)ccIt u t i l i zed  lvllcl) IIlulti])lyillg  oC(2~)  by

6, Ollc c.ou]d  C!asi]y ovcrcolnc t]lis  IJI’o1)]c]l)  Substituting 6 \$’it]l (]IC Col’met factor, OIICC

dcter]nincd  the real de] JcIIdcn cc of  5’/, 01) u. ‘1’0  l)c ]llolc  ])rccisc,  ~vc Ila\’c ])lottd, j] I

13



fip;urc 3, tllc value of tlie automrrclation  functiol[  at t : 2(’, as a functio]l  of tllc sl)cctral

index cr. A s  cmc can see, the crro] ]nadc l)Y llcllings C( al. is lm tllall 2 0 % ,  l)llt  OIIC

would get very difl’cm}t  results  if ICC1(lC’I slJeCt  I’a lf’~’l’~’  Coils; (lel’~’~1.

WC ])ro])cmc to lnodify the ])rcvious  II Ie.tl Iod ill tllc folloJvillg ~vay. 1+’rolII cqua-

tioll (2.14) wc scc that, Ivhcn ,5’}L i s  constant ,  !5’V  is  ])ro])orticmal  to tllc filter 1{,.  ‘J’]lis,

iI) iUIII,  is WCI1  al)])roxilnatcd  by a sinusoidal function for frcquc]lcics  above 1 /J! (sew

cq.  (2.12), a]ld  Ik.tabrooli  & Wal]lquist 197[)). ‘J’llcrcforc, tlIc scarcll  clf tlIcI GW lJac.k-

gIouIId, wit]]  tlIc a s s u m e d  s])cc.tral  i]ldcx a = 2, Iduces to tlIc search of  s inusoidal

sip;]lal, of ‘Known ‘pulsat,io]l’ 2!, ill t h e  ‘ t i m e ’  squenc. c rc])rescnted l)y tile l)o])plm

]) C)W(Y’  S])cctrulll Sg. ‘J’]ljs Iijncl of analysis is  very Colnlllc)ll  ill astronolny, for cxalnple

ill tllc scarcll for  X-binar ies .

g’llcfirst ste])  consists ill taliillg tile ])c)w’cv  S]jcctruln  of tl]c  d:ita wllic.11 should colltaill

tllc sinusoiclaJ  si.glal, i.e. S’V(U),  and t h e ’ 1 1 l o o k  for a ])Cal{ in tllc cxpcctd channel,

c.orlcs])oliding to the lag T =- 2/. l{ccalling e q u a t i o n  ( 3 . 9 ) ,  ire  will thus c o n s i d e r  tllc

f u n c t i o n

(5.6)

WIIWC CTC is tllo sta]ldard  deviation c)f tllc allic)cot’ali:ll)cc  functio]l. As wc shall Now SCW,

this IIorlnalization siln])lifics  the statistica] ]Jro])cltics  of~, wllcll  tlic IIoisc isllcjrlnally

distrihut cd. 111 fact, if y(f) is a gaussi all ]Ioisc ]vitll zero average and unit variallcc (Sew

fi~;.4aand  41)), t11c11 its I)oll’ersl)cct][IIIl  ,S (fip,.4c)is  distril)utcd a s  a~2 function 11’itll

two Clcgrcc’s  of freedom, or

(5.7)

l’igurc 4d shows the ])criodogra]~l  of tllc s]wctral  lillcs of S’, togdllcr wit]l  the X2 function

(5.7).  Sillcc  the autocovariancc  function i s  a l so  IIoImiilly  distril)utd, oJic can e a s i l y

SIIOW that the distribution function of .A (fi~; . 4c) is a X2 with ol)c dcg; rcc of frcedoln,

14
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(5.8)

II) IJarticular, its avcrar;c is IL = 1 alId its Vdriancc is o 2 ,  2. ]Jigurc’ 4f Sllmvs I,lle

])ml)ability clistribulioll o f  .A, togctllcr with tile expcctml distlit)utioll (5.8).  Note that

tllc fullc.tions (5.7) and (5.8) llavc ]Io free ])araluctcrs, l)cill~  l)y dcfillitioll llor~t~alizcxl

to C)Ilc,

Sett ing a tlIrd)old  condi t ion /l~Ct for tllc alltoc.ot’z~li:illcc function -  w h i c h  calI

lJe dolte using well kIIOWII statistical  tw.h]liqucs  - oIlc c a n  assert tlic dctcc.tic)n o f  t h e

g r a v i t a t i o n a l  signal with a given  c.onfidcnce  level if .A(2J!)  > .AM; o the rwi se  (and this

is tlic c.asc wc arc usually dealing with) it is olily  possible to g;ivc an uI)])er limit.

l’c)llo~villgllcllillgs  ct al., but taking into accou]lt tile ]jrcvious remarks, wc C.olll])utc

tlicup])c.r  limit on (IL2)  usillg(5.4)allcl  (5.6)

(h2)  = m@(2~)  , (5,9)

and rcpc.at this ])roccclure  for difkmnt  values of tho sal~~l)ling time AI. ‘1’hcn wc c.llec.k

t h a t  the r e l a t i on  betwcm (//2) and I/At is lillcar, in order to ensure tllc consistency

o f  tllc a n a l y s i s  with tllc IIypotlicsis ,$’IL = co?lsi,, a)ld cvcvlluall.y,  f r o m  tllc slope o f

t h i s  l i n e a r  func.tio]i,  wc dcducc the ccjnstant value’ of ,$’/,, wllicli  gives,  after a trivial

integrat ion,  tlic uppcw limit on pg.

5.3 ~’hircl meihocl.

‘J)l LC last mctllod a s sumes  the llypothcsis S’p = consi. over

(CJj, b+). !J’hus all tl)c  e q u a t i o n s  o f  s~ctiol~ ~4.? a])])ly in

IIavc smm t h a t  the autocovari.mcc  functicm  L’(t) takm a

tllc cxpcrimcntal  hal)dw’idtll

this case. in particular, we

non .zcm constant, i’aluc  fol

la~;s greater than the l/rJ’I;l’ (sm cquatiol] (4.9)); WY ale goi~~g to cxl)loit  this feature to

set aII u])])w  limit olI tllc energy c.ontc]lt  of (IIC gravi tat ional  I)ac.ligroulld.

A s  in the  previous scctioll wc shall  usc tllc llorll~alizcd  fllllction A, dcfi]icd  I)y cqua-



tioII (5.6). Its statistic-al ])ro])crtics  lIa\’c I) CC III tlIoIc)Ilp;lIly il)i’rstigatd ill tlIc ]Jrcvious

sul~scc. tio]l.

\4’c a l s o  ilidicatc writli JIg tltc coIIstaIIt  (;\T’ co]ltlil)~ltio]]  t o  A(f) for I >  2(’. of

course,  t}IC autocovaria]lcc  fu]lctio])  C(f) f a i l s  t o  I)ccc)]llc exactly cmlstallt, duc to tllc’

l)NXXWCC of IIoisc. A p a r t  fro]]]  statistical ]Ioisel tlIc  ]nai]l (c)]ltriljlltic]lt,  for f >  2(’,

coIncs frolll  the plaslna slid  tllc tIo])osl)lieIc (Ilcllillp;s  1  9S1 ) . l{cgarclillg  tile lat,tcr,

i t  is  ])ossible  to s h o w  that C’,,(i) N i- ‘/3  fo] I > >  2(. ‘J’IIc ljlasma cc)]ltril)utioll  i s

IIIOIC  c.o]n])lic.atd, since its cfl’mt is distril)utcd  aloIIg llIC lvl Iolc li. qllt patl I, ]Iot just at

tlIc  I]cgillni]]g  and the end. IIowcvcr it can Ijc SIIOIVII  IIavinp;  a]l aIIalo~;ous  dccrc:lsi  Tlg

bc]]avior  a s  t incrcasc.s. IJor IIIOIC  dctai]s, sw A])])c]ldix  11, IIFIIcre tlIc  co]ltril)utio]ls

of the tropos])hcrc  and p l a s m a  ]loisw to tlIc allt<)cc)v:i]i:i]lcc’ fllnctio]l aIe a]lalytica]ly

COJI)]JU(NI in tltc lin)it  f > >  2(.

‘J’llus, wc can sel all UI)I)CJ  ]ilnit to .Ag ta!iillg tlic average of  A(7  ) over  t]lc! i]ltcrva]

‘M < T < T,,,aX,  where T,,,aX is the maximu]n  alloticd value for 7, i.c,

(5.10)

lIi a]) ideal Qx])mimmlt,  7 ‘ “IIIa X IS sJlll]J1.V  (Ietel’llllllf’{1 I)J’ tll(’  d~ll”ati OJl I; Of tll C ObSCI’Va -

tiolls. lJ]]fortu]}a.tcly,  i]] ])]acticc tllc extrac(io]l  o f  tlICI r e a l  ti]nc swim frolit  tlIcI r a w

d a t a  i]lvolvm  a co]n])lcx  ])roccdure, dcscrihcd clsc I! ’lIcIc  (Ilc](ot (i et d]. 1 992), w’llic.11

Stl’Oll@}r af[’kctS t]lc  ]OW fl’C(]ll Cll C~ l’C~i Oll Of t]l(’ S] I(’Ct  J’ll Jll. ‘J’hmforc,  011(! ShOllld first

look at tlIc powc.r  spcc.tIum  o f  tl~c whole ])assa?,c ,  :IJI(l (11(’11 Cal’cfll]]y dccidc W]l CIC t,o

l o c a t e  tltc Iniliimum fmqumlcy,  or cquivalent]y T,,,F,X.

l’illally, the IJ])])C!J’  lill~it .49 is Iiulucrically N’latc(l to all 11])] )(’1’ li]nit 011 the (?ISSUJIIC’C])

collsta]lt ,9P through the equation

(5.11)

‘J’hc total eIJcrgy co]ltc]it  of tl]c  g]avitatio]]a] ljacl{g;IouIId  ill tllc (Tx])crillicl]tal  l)aIId
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widtl I (L) I ,L4E)  is t]ius givml l)y

(5<12)

1]1 order to t e s t  tllc mm])atiljility of LIICJ Ily])otllc’sis $’p = co7~st.  tritll tllc data SC(, a

s a f e  w a y  to proc.d  is to IC])WIL  tllc wlio]c  ])rocdlllc sa]n])ling  tlIc data at  difl’crmt

rates,  and compam the resul t ing cnmgy clcnsitics  pg. ‘J’lIc consistency of this method

requires  that pg increases linearly wit]) tll~’ sallll~]i]l F, latc~ I /Af = W2/T, or, ill OtlIQI

w o r d s ,  that S., as given by equat ion (5.1 1 ), r~:lllail~s  apl)loximatc]y  collstal~t.

G Conclusions

\JT~ c,ol,)])]~~~  o~,] ~r~]~ wit], ~, ~~,iCf  coll~,~~Cllt  lCf,al(]il~g  l,]lc CX])CCtQ(]  lCSUltS fl’ol[l tllc!

t h r e e  mctho(ls )HWK!ntcx] llcm. As wc said, tlic first met]lc)d usually gives good, i.e.

low,  u])pcr limits, as aconscqucncc  of I’arious  systematic cflccts. It\’cli if tllcsc limits

arc p r e s u m a b l y  higher than the cxpcctd valum for p~, onc  cannot cc)llsidm tllelll a s

truly co]lservativc, in the scwse that a co]tsideral)]c  fraction of si.g]lal  cou]d h rcjcc.td

during  thc data analysis.

l{cgardin.g  tllc last twolnctllods, tllc’ir collscll’ativc qual i ty is  c)l)taillcd  tothc c.c)st

o f  i,llcir  wcakllcss. III othw w o r d s ,  tlIc u])])er lilllits ol)tail)d wit]) lilc~tllods 2 and 3 am

valid  if ancl only if  the undcr]yillg  assulnptions  al)out  tllc s])cctral sloI)c of  tllc signal

(~= 2i])tlle filstcasc,c~= OiT]tl,c secc~],cl  o*]c:)alct],lc. 11 ov.reve.r, it sounds rcasc)nahlc

t o  bclicvc that, ihc up])er limits obtaillcd  witlI  tllesc IIy])othcscs  rmnain  valid  a l s o  for

IIIOIC general  sl)ectra t h a n  t h o s e  c.onsidcml lIcrc. IIo])cfully,  ill tile near f u t u r e ,  tllc

clctcxtioll  of a G14T  hac.kgrouncl  in sc)mc rcgioll  of tllc fmlucllcy spectrum, ])resu]nal)]y

abow the IIopplw  range, will giw us a clcmr illdicatic)ll  al)out the s])cctral pro]) crties

of tllc signal to be scarchcd for  wit]) a l)c)})])leI  Cx])c]i]llent.

Alno]lgthc  tllmc Inctl Iods clcwcribcd, tlic last ol~c is certainly the ]nost ])romisi]ig.

III fact, as WC IIavc s ewn ,  the up])cr  lilllit o] I (J,9 is oljtai]lcd, ill tl)is  case ,  tllroup;ll  aII

,averagcof  the autocmvariallce function c)\IcI a laI~c IIu IItllcr  of ])oillts  above tlIc l{rJ1l~J1.

S ince  tllc main clctjcwministic  sources of noise do not co]]tributc  considcral)ly to this

17
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d(ll(f))~, -
-%lk[c)(t)-t  A],

(Ii -
(A.])

WIICIC A is all arbi t rary collsta.nt. ]’ro]n cquatic)ll  (3.6) wc thus f i n d

dc

[ 1
-- = - 87rk o(i) - ;G(t - 2/) - ;0(1 -t 20- I :A i $. (A.2)

-ilt

‘J’hc dmivativc of l(t) is easily found froln  cquatiol] (3.7), since  all WC have to do is

to  modify  the integration limits according to tlIc argummlt of tl}e llcavisidc  functioli.

‘J’lIc result i s

d ] 87rk-.=—

[
E)(t) i @(f -

dl 3

lllserti~lg equation (A.3) in

2/) + 0(2/  -  f)
(

! -  .(!.- 2</Wl -  f/1)2
4 “ -“) 1-1 2A (A.3)

cquatic}ll  (A.2)  wc cvmltually find

($’= {--w’-’ (5- :-)(]-  ~)21 ‘0< ’<2’)
o (w > 2q ,

inclcpclldellt]y  froln the value of the all)itrary constant, A.

(A.4)
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W(i)
cl(f) , - IC)~(21,  i, Af) ,

10(Af)2
(11.1)

(1].2)

WIICIC to and po arc tllc rcfclc]icc lc:vcls o f  tlIc  tro])osI)lIcIr aTId ]Jlasma  IIoisc ]Jower

sl)cctruln, At is tlic sall~]>ling time and 1/ and 1{0 arc tllc hel iocentr ic .  distal~c.cs  c}f the

sl)acecraft and of the cartll. ‘J’llc functiol~  J(?, 1, At) is:

(1~.3)

l“rol]l cquatiolls (11.1  ), (11.2) and (11.4) the :lS~lll])tC)t  i(’iil Cx])lcssjolls  o f  tile autocovari

?()



a]l(l

c“(’)=” 9’(0 G-- M“(’’’’’’’””’ “(’-])]

(1].5)

(1).6)
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l“igurc Ca]ztions

,.

4.

l“i.gum 3

q’l)c autoc.ormlatioll fu]lctiol~  at t = 2/, a s  a function o f  t,hc s;)ectral illdcx 0. ‘J’he

dashed li~lc rcq)Icscnts  tlic value 1 / 6 ,  wh ich  c.01 rmponds  to CY = 2 (SW equation  ( 4 . 7 ) ) .

l’igurc 4

Statistical JJmpmtics of  a  gaussian signal. ( a )  rwldo]nly  gellmated gaussiam  noise y,

(b) its distribution function, with p w O and o m 1. (c)  power spectrum S’Y of y, (d) its

sl)cctral distribution. (c)  our functio], A, ( f )  its distril~ution function.  In figures (1,),

(d) ,  and (f), the al~scissa  ‘Amplitucle’  rcprcmnts  the line aln])litude ill unit of standard

deviation. ‘J’hc  d a s h e d  ]illcs in figures (d) slid (f) Ie])rmmlt, ms]~cctivcly,  tlIc l,llcorctica]

fultctio])s (5.7) and (5.8).
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